A Modal ¯–Calculus for Durational Transition Systems

Helmut Seidl FB IV – Informatik Universität Trier D–54286 Trier Germany email: seidl@ti.uni-trier.de

August 22, 1995

Abstract

Durational transition systems are finite transition systems where every transition is additionally equipped with a duration. We consider the problem of interpreting ¯–formulas over durational transition systems. In case the formula contains only operations minimum, maximum, addition, and sequencing, we show that the interpretation ist not only computable but (up to a linear factor) as efficiently computable as the interpretation of ordinary ¯–formulas over finite transition systems.

Keywords: μ–Calculus, durational transition systems, model checking.

1 Introduction

The μ–calculus, a propositional modal logic with fixpoint operators, was introduced by Dexter Kozen as a tool for the description and analysis of the behavior of possibly infinite computations [Ko83]. The expressive power of modal μ–calculus is intimately connected to finite–state automata on infinite trees [VW86, EJ91, EJS93, BVW94]. Classically, a μ–formula denotes a predicate on states. Typical properties to be expressed and analyzed are safety and lifeness assertions. The formula νx.⟨a⟩x, for example, denotes the set of all states allowing for an infinite sequence of a–actions. Especially, the modal operator ⟨a⟩ (for action a) constructs a property of the actual state from a property of a next state. Thus, it relates presence to a (possibly infinite) future. For detailed explanation of various modal (and temporal) logics consult, e.g., Colin Stirling in [St92].

The problem with which we are concerned here, however, is not only to determine properties of states but also quantitative information. We are interested in questions like: how long does it take a process to reach a state with a certain property. Technically, this means that closed formulas are no longer interpreted as predicates or, equivalently, as mappings Q → {0, 1} for some

1 base set Q. Instead, we employ mappings t : Q → D for some time domain D. In this paper we consider D as a subinterval of −∞ < 0 < 1 < 2 < . . . < n < . . . < ∞ i.e., the non–negative integers extended by −∞ (to express unaccessibility) and ∞. The “logical” connectives “∨ and “∧” are now replaced with maximum and minimum, respectively. Additionally, we consider addition “+” (appropriately extended) and the sequencing operator “;” which returns the second argument only provided the first one is different from −∞. Otherwise, the result is −∞. While addition is useful for modelling the time behavior of two processes being executed one after the other, the “;” may serve for a primitive form of conditional: the second argument is only counted provided the event corresponding to the first will ever occur.

A corresponding theory of processes with durational actions was developed by Gorrieri, Roccetti and Stancampiano [GRS95]. For the analysis of complexitylike properties of programs, e.g., the number of accesses to some variable, least solutions of (non–hierarchical) systems of equations over non–negative integers (extended by ∞) have been considered in [Se94]. This corresponds to the interpretation of μ–formulas without occurrences of the greatest fixpoint operator.

In this paper we are going to investigate whether or not the interpretation of arbitrary μ–formulas can be effectively computed – even when the chosen time interval is infinite. It turns out that this is in deed the case. Moreover, we find that it is not only computable but, even more, as efficiently (at least up to a linear factor) computable as the interpretation over a two point interval.

2 References

[ACD93] R. Alur, C. Courcoubetis, D.L. Dill: Model Checking in Dense Real Time. Inform. and Comput. 104, 2–34, 1993

[AD94] R. Alur, D.L. Dill: A Theory of Timed Automata. TCS 126, 183–235, 1994

[An92] H.R. Andersen: Model checking and Boolean Graphs. Proc. ESOP’92, LNCS 582, 1–19, 1992

[BVW94] O. Bernholtz, M.V. Vardi, P. Wolper: An Automata–Theoretic Approach to Branching–Time Model Checking (Extended Abstract). Proc. Conf. Computer Aided Verification, LNCS 818, 142–155, 1994

[BCM92] J.R. Burch, E.M. Clarke, K.L. McMillan: Symbolic Model Checking 10^{20} States and Beyond. Inf. and Comput. 98, 142–170, 1992

[EJ91] E.A. Emerson, C.S. Jutla: Tree Automata, Mu–Calculus and Determinacy (Extended Abstract). Proc. 32nd IEEE Symp. on FOCS, 368–377, 1991

[EJS93] E.A. Emerson, C.S. Jutla, A.P. Sistla: On Model–Checking for Fragments of

¯–Calculus. Proc. Conf. on Computer Aided Verification, LNCS 697, 385–396,

1993

[GRS95] R. Gorrieri, M. Roccetti, E. Stancampiano: A Theory of Processes with Durational Actions. TCS 140, 73–94, 1995

[HNS94] T.A. Henzinger, X. Nicollin, J. Sifakis, S. Yovine: Symbolic Model Checking for Real–Time Systems. Inform. and Comput. 111, 193–244, 1994 [Ko83] D. Kozen: Results on the Propositional ¯–Calculus. TCS 27, 333–354, 1983 [LS94] F. Laroussinie, Ph. Schoebelen: A Hierarchy of Temporal Logics with Past. Proc.

11th STACS, LNCS 775, 47–58, 1994; long version submitted to TCS [LPS95] F. Laroussinie, S. Pinchinat, Ph. Schoebelen: Translations between Modal Logics of Reactice Systems. Special Issue on AMAST’93, TCS 140, 53–71, 1995 [LBC94] D.E. Long, A. Browne, E.M. Clarke, S. Jha, W.R. Marrero: An Improved Algorithm for the Evaluation of Fixpoint Expressions. Proc. Conf. on Computer Aided Verification, LNCS 818, 338–350, 1994 [Se94] H. Seidl: Least Solution of Equations over N . Proc. ICALP’94, LNCS 820, 400–411, 1994 [St92] C. Stirling: Modal and Temporal Logics. In: S. Abramsky, D. Gabbay, and T.

Maibaum (eds.): Handbook of Logic in Computer Science, 477–563, 1992 [Va88] M. Vardi: A Temporal Fixpoint Calculus. Proc. 15th POPL, 250–259, 1988 [VW86] M.V. Vardi, P. Wolper: Automata–Theoretic Techniques for Modal Logics of Programs. JCSS 32, 183–221, 1986