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Outline of the talk

@ Preliminaries : Cellular Automaton CA = (Z9, Q, f,v).

@ Automorphism of CA is defined by means of a pair of
permutations (, ¢) of the neighborhood v and the state set Q:

A = B (lpve) = (¢ o)
T,

@ Classification of local functions P, 4 using permutation group
Aut(n, q) = {(r,¢)|m € Sy, ¢ € Sg} = Sn x Sg.

@ Classification of 256 ELF.
@ Group action (X, G), where X = P, 4 and G = Aut(n, q).
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Definitions Cellular automaton, local structure

Cellular automaton, local structure

Definition

A cellular automaton is defined by a 4-tuple (729, Q, f,v).
@ 79 is a d-dimensional Euclidean space.
@ Q) is afinite set of cell states.
@ f: Q" — Qis alocal function in n variables.

@ v: N, — Z%is a neighborhood, where N, = {1,2,...,n} and
n e N. This can be seen as alist v = (v4,...,vp), Wwhere
vi=v(l),1 <i<n.

Definition
A pair (f,v) is called a local structure of CA. We call n the arity of the
local structure.
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Cellular automaton, local structure
Global function (CA map)

Definition
A local structure uniquely induces a global function F : QZ° — Q%°
defined by

F(c)(p) = f(c(p + 1), c(p + v2), ..., €(p + vn)),

for any global configuration ¢ QZ°, where c(p) is the state of cell
p e Z%n c.
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Definitions Local structure, equivalence, reduced

Reduced local structures

Definition
A local structure is called reduced, if and only if the following
conditions are fulfilled:

@ f depends on all arguments.

@ v isinjective, i.e. v; # v}, i # jin the list of neighborhood v.

Remark

In this paper we assume that local structures are reduced,
though the theory generalizes to the non-reduced case.
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Definitions Local structure, equivalence, reduced

Equivalence of local structures

Definition
Two local structures (f,v) and (f', ) are called equivalent, denoted by
(f,v) =~ (f',v), if and only if they induce the same global function.

Lemma

For each local structure (f,v) there is an equivalent reduced local
structure (f',v").
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Permutation of local structures

Definition
Let = denote a permutation of the numbers in N,,.

@ For a neighborhood v, denote by »™ the neighborhood defined by
V;T(i) —vyifor1 <i<n.

@ For an n-tuple ¢ € Q", denote by /™ the permutation of ¢ such that
0" (i) = (w(i)) for1 < i< n.
For a local function f: Q" — Q, denote by ™ the local function
fT . Q" — Q such that /7 (¢) = (/™) for all ¢.
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Example
Symmetric group Sz = {7;,0 </ < 5}.

(1 23 (1 23 (1 23

=\t 23) T \1 3 2) "7 21 3)
(128 (123 (123
2 3 1 3 1 2 3 2 1

6 Permutations of the elementary neighborhood ENB (—1,0,1) are
isomorphic to Ss.

ENB™ = (—1,0,1), ENB™ = (—1,1,0), ENB™ = (0, —1,1),

ENB™ = (0,1,—1), ENB™ = (1,—1,0), ENB™ = (1,0, —1)
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Past results

Lemma J

(f,v) and (f™,v™) are equivalent for any permutation .

Lemma

If (f,v) and (f',v") are two equivalent reduced local structures, then
there is a permutation = such that v™ = v/'.

Theorem

If (f,v) and (f',v") are two reduced local structures which are
equivalent, then there is a permutation = such that (f",v™) = (f', ).
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Polynomials over finite fields

Polynomials over finite fields
Q is a finite field GF(q) and f : Q" — Q is a polynomial over GF(q) in
n indeterminates xi, ..., X, of degree less than g in each indeterminate.

The set of such polynomials is denoted by 7,4, N> 1,9 > 2.

If f € Ps g,

f(X1, X0, Xg) = Up + Uy Xq + UpXo + - + Ux]XEXE + - -
q—1,9-1,9-2 g—1.,9-1 g1
+Ug oX{ Xy X3 "+ Ugp X Xy X

where u; € GF(q), 0 <i < 1. (1)

?

If f € P32 (Boolean function),

f(X1, X2, X3) = Up + U1 Xy + UoXa + UsX3
+ Ug X1 X2 + UsX1 X3 + UgXoX3 + U7X1 X2X3,
where u; € GF(2) ={0,1},0<i<7. (2

Note that a VvV b (Boolean) = a + b + ab (polynomial), a A b = ab.
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A conclusion

Summing up the above discussions, we have the following corollary,

which gives a reason why we only consider the set of local functions
when classifying CA.

Corollary

As far as the equivalence of CA (and the automorphism classification
thereof) is concerned, we only have to consider the local functions
without explicitly referring to neighborhoods.
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Automorphism Definition

Automorphism

Assume that A = (Z9, Q, fa,v4) and B = (Z9, Q, fz, vg) are two CA
having the same arity of local structures. Now we consider a pair of
permutations (, ¢), where m and ¢ are permutations of v and Q,

respectively. Note that ¢ naturally extends to ¢ : Q% — Q%

Definition
Two CA A and B are called automorphic, denoted A = B, if and only if
there is a pair of permutations (, ©) such that

(fg,vB) = (¢~ 'fap, V7).

In this case, (7, ) is called an automorphism of CA.

Symbolically we write A : = ) B.
T,p
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Automorphism Definition

Example

ECA: Q= GF(2)={0,1}. ELF: @®* — Q. ENB=(—1,0,1).
The permutation (conjugation) of states 0 < 1.
f'(X41, e Xn) = @3 g =14+ F(1 4+ Xq, ..., T+ Xp).
@ Universal function 119 = X1 XoX3 + XoX3 + Xo + X3.
f177120 — fioo = X4 XoX3 + X1X3 + X1 + X3.
(fi10, ENB) # (fi22, ENB), but (£, ENB™) = (122, ENB)

or (f110, ENB) = (f22, ENB).
(71-27900)

@ By w5 and conjugation 1, we see (f119, ENB) : = ) (fi93, ENB).
5,41

Thus we have (f110, ENB) = (f~|22, ENB) = (f193, ENB)
@ In total there are 6 ECA which are automorphic to (f11g, ENB).
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Automorphism group of CA

We see that the sets of all permutations 7 of v and ¢ of Q are

iIsomorphic to symmetric groups S, and Sy, respectively. Then we
have

Definition

AUt(n7 q) = {(7‘-7 QO)‘T‘- = S”? VRS Sq} ~ Sp X SQ‘ (3)

Aut(n, q) will be called an automorphism group of CA. Note that since
symmetric groups are generally nonabelian, Aut(n, g) is nonabelian.

v
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Automorphism classification of CA

Automorphism classification of CA

Lemma

Automorphism group Aut(n, q) naturally induces a classification of
local structures of CA. )

Proof: Let A, B and C be local structures of CA. Then we see that if
A = BandB = C(Cforsomen, 7’ € Syand g,y € Sq, then

(m,) (7/,")

A : = ) C. It is seen that the relation (%’) IS an equivalence relation
', TP

which induces a classification of CA. H
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Automorphism classification of CA

Definition
The classification induced by Aut(n, q) is called an automorphism

classification of P, g denoted NW : {[f1], [f2], ..., [fm]}, where f; is a
representative of class [f;],1 < i < m. m will be called the size of

automorphism classification.
In other words, ' € [f] if and only if there is a (yp, w) € Aut(n, q) such

that (f, ) = (¢~ 1", ™).
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Automorphism classification of CA

Remark

All CA that have the local functions from a class provide the same
global properties like surjectivity, injectivity and reversibility, provided
that the local structures are permuted appropriately. In this sense we
say that CA have a certain property up to permutations.
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Automorphism classification of CA

Example

NW 9 ([[fio]| = 12)
f1o = X3+ X1X3. f{] = X2+ X1Xo =
10 =1+X1+X1X3 = f-|75

fr2.
f10 =14+ X1+ X1 X0 = f207

Wolfram number

o\m | m | T o | M3 | w4 | 75
wo | fio | 2 | Ba | Tes | fag | Tao
w1 | fizs | o7 | f187 | o1 | foaz | foas
Polynomial
o\ ™ 0 Uy T2 73 T4 5
0 X3 + X1X3 Xo + X1 X2 X3 + XoX3 X2 + XoX3 X1+ X1 X% X1 + X1X3
©1 1+X1+X1X3 1—|—X1—|—X1X2 1—|—X2—|—X2X3 1—|—X3—|—X2X3 1—|—X2—|—X-|X2 1—|—X3—|—X1X3
y
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Example
NW 32 ({[f10]| = 6)
fi10 = X1 XoX3 + XoX3 + Xo + X3.
110 = X1X2X3 + X1 X2 + X1 X3 + X1 + X2 + X3 + 1 = fy37.

Automorphism classification of CA

SO\W TQ, T | TT2,T4 | T3,7T5H
00 fiio0 | ho2 | hes
©1 fi37 f161 f193

(computation universal)
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Automorphism classification of CA

Example

NW 40 (|[fis0]| = 1)
fiso = X1 + Xo + X3. (Symmetric function)
1/50 = X1 + Xo + X3 = f150°
w\ T | T, T, T2, T4, T3, 5
0 f150
1 f150
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Automorphism classification of ELF

Automorphism classification of ELF

In Table 1 the 256 Elementary Local Functions (ELF) f;, 0 </ <255 n
Wolfram numbers are classified into 46 automorphism classes
NWiI, 1 < i <46.

The 7 classes indexed by * are surjective but not injecitve up to
permutations.

6 functions in NW12** and NW44** are injective and surjective, i.e.
reversible.

The other classes are neither surjective nor injective.

6 functions in NW32+ are automorphic to the universal function fy1p.
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Automorphism classification of ELF

In Table 1, every class is indexed by NW i, 1 </ < 46. Conjugate
functions are bracketed, where singletons are self-conjugate functions.

Table 1-1. Automorphism classification of ELF

NW | Automorphism classes

{fo, fos5 }

{fi, fio7}

{f, fo1} U{fis, foa7} U {fa, fooz}

{f, ez} U{fiz, fl1o} U{fs, fos}

{fs, fisa} U {foo, 15} U {fis, fig3}

{F,B1} U {fet, g7} U{fio, fo5}

{fs, fozo} U {fea, fos3} U {fa2, fo51}

{fo, fi11} U {fes, fias } U {fa3, fi23}

{fi0, fi7s} U {fgo, foss } U {fi2, fo07} U {fes, o211} U {faa, f1g7} U {fus, Foas}

{fi1, fa7} U {fg1, 117} U {fis, Fr9} U {feg, foz} U {fas5, 59} U {fag, f115}
(continued)

- OooO~NOOOTPR~WDND —

o
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Automorphism classification of ELF

Table 1-2.

NW | automorphism classes

11 {fi4, f1a3} U {faa, 13} U {fs0, f179}

12" | {fis} U{f1} U{fss} (Reversible class)
13 {fo, f151}

14 {f3}

15 | {4, foz1} U {fss, fisa} U {fz6, P19}

16 | {fos, fios} U{fe1, 67} U {fa7, fo1}

17 | {fs, fi67} U {fa2, f1g1} U {fog, fre9} U {Fr0, 157, } U {fas, fiss} U {f52, f211}
18 | {7, f9} U {fs3, faz} U {fog, f71}

19" | {f, fizs} U {fge, frag} U {fsa, f147}

20 | {fs0, fo35} U {fos, foag} U {fr2, fo37}

(continued)
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Automorphism classification of ELF

Table 1-3.

NW | automorphism classes

21 | {fa1, Flo7} U {fo7, fi21} U {f73, fioe }

22 | {faz, fi71} U {fi12, Boar } U {Fe, foos }

23 | {faz} U{f7} U{fi13}

24 | {fas, ooz} U {fio0, 17} U {fse, o7} U {fog, fras } U {F74, fi73} U {fes, foog }
25" | {fa5, fr5} U {fro01,fge} U {fs7, oo }

26 | {fa6, fi39} U {fi16, fooo} U {fs8, fiea} U {fi14,, 177} U {Frs, fla1} U {foz, f197}
27" | {feo, 95} U {fr02, f153, } U {fe0, fi65}

28 | {fe2, fiz1} U {fi118, flas} U {fos, f133}

29 | {fio4, b33}

30* | {fio5}

(continued)
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Automorphism classification of ELF

Table 1-4.

NW | Automorphism classes

31* | {fi06, fiea} U {fi20, foo5} U {108, f201}

32+ {f110, f137} U {f124, f193} U {f122, f161} (Universal ClaSS)
33 | {fizs, fize}

34 | {fiz8,fo54}

35 | {fiz0, froo} U {fra4, foas} U {f132, fozo}

36 {fiza, fisg} U {fra8, fo14} U {fia6, frg2}

37 | {fiz6, fo3g} U {fio2, foso } U {160, fo50 }

38 {fiss, fi74} U {foos, foasa} U {fia0, fooe } U {fioe, fooo } U { fie2, fige }
U{fi76, foan }

39 | {fise} U {12} U{fi78}

40" | {fis0}

41 {fis2, f30} U {f194, figs, } U {fie4, P18}

42* | {fis4, f1e6} U {fig0, P10} U { fi56, f198}

43 | {fies, fo3a} U {fo24, foag} U {f200, 236 }

44** {f17o} U {f240} U {f204} (Reversible C|3.SS)

45 {fi72, fooo } U {16, foog U { fig4, foos }

46 {f232}

H.Nishio (Kyoto) Automorphism Classification of CA NCMA2009 25/ 35



Automorphism classification of ELF

Table 2: Taxonomy of automorphism classification of ELF

number of number of | number of

functions in NW class | NW classes | functions
12 6 72

6 26 156

3 4 12

2 6 12

1 4 4

total 46 256
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Group action

Classification NW is reformulated as a group action (G, X), where
X =Pnqgand G = Aut(n,q) ~ Sp x Sq. X is called a G-space.

@ For any f € Pp 4 the automorphism class [f] is now the same as
the orbit containing f: {gf|g € G} = {¢ 1 f"p|r € Sp,p € Sq}.

@ A G-space is called transitive if it has just one orbit. Every
G-space is a disjoint union of transitive G-spaces. The set of such
transitive G-spaces will be called an orbit space or quotient space
denoted X/G.

@ Every automorphism class [f] is a transitive G-space such that

Pn.q = UL, [f]. The size of classification m is equal to the number
of orbits | X/ G| given by the Orbit-Counting Lemma.
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e G o

Lemma (Orbit-Counting Lemma)

The number of orbits | X /G| is equal to the "average number" of fixed
elements in X of an element of G. That is, if X(g) = |{x € X|gx = x}|,
then we have

W@ﬂéZMw
geaG

Example

For X = P32 and G~ Sz x Sy, we see that | X| = 22° _ 256 and

|G| = 3! x 2! = 12. The orbit number | X/G| = 46.

Table 2 in Appendix shows that

> (orbit length x number of orbits) = 12x6+6 x26+3x4+2x6+1x4
= 256.

v
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Lemma (Lagrange’s Theorem)
Let Q) be an arbitrary transitive G-space, then

|G| = |Q| - |Gx|, where Gx = {g € G|gx = x},Vx € L.

Gx = {g € G|gx = x} is called the stabilizer of x.

Example

Lagrange’s Theorem applies to each NW class NW; C P3». For
instance, in case of NWjy the cardinality of stabilizer |Gx| = 1 for any
x € NWjy. Therefore we have |[NWy| = 12. In contrast we see Gx = G
or |Gx| = 12 for all x € NW3q and therefore [NW3| = 1.
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Classification by subgroups of Aut(n, q)

Let T, and T, be subgroups of S, and Sy, respectively. Then we can
likewise define a classification of P, 4 by T x Tg.

Lemma
A smaller subgroup induces a classification with a larger size. J

Example

The historical classification of ECA into 88 classes was made by Hurd
(1986), which appears in a book by Wolfram (1994), considering the
left-right symmetry of ENB and the state conjugation. This
classification is induced by a subgroup

{(m0, ¥0), (70, ¥1), (75, ¥0), (75, 1)} = {mo, 5} x Sp C Sz x S

H.Nishio (Kyoto) Automorphism Classification of CA NCMA2009 30/35



Example
Multiplication table of Ss.

o | ™ T2 | 3 T4 | Th

o | Mo | ™4 7o | T3 T4 | TH

T | T | Mg T4 | M5 T | T3
To | Mo | M3 T | M1 75 | 4

T3 | T3 | o T/ | T4 TQ | T
Tq | T4 | TT5 T4 g 73 | T2

5 | 5 | T4 T3 | T2 T4 70
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Example

Let < a, b, .. > denote the subgroup generated by subset {a, b, ..}.
Then we see the following.

@ < my,m >= {my, ™} (subgroup of right-center symmetry)
@ < mg,mo >= {my, ™2} (subgroup of left-center symmetry)

@ < mg, w5 >= {mg, w5} (subgroup of right-left symmetry)
Q

< o, T3 >=< T, T4 >=<TQ, T3, T4 >= {7T077T377T4}
(subgroup of cyclic permutations)

{7T077T177T2} ;< T, 1, T >= S3
° {770777177T5} ;< Ty, T, 5 >= 83
¢ {770772775} 7Ct< To, M2, M5 >= S3
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Future problems

Problem

Closer view of group action of S, x Sq on Pp, 4 taking advantage of
their specific algebraic structures.

We will not make mathematics but contribute some thing to it as well
as to the CA study.
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Future problems

Problem

Classification of CA by weaker properties than the sameness of global
functions.

@ Classification by cognate =. For A= (f,v) and B = (f', /),

/

Ax B« (f,V)=(f",v"), where m # 7',

Are there interesting and useful properties which are invariant by
classification <?

@ |f CA are not cognate or the neighborhoods are not a permutation
of each other, we would have infinitely many CA including a
computation universal CA.

Is there an effective classification of such arbitrary set of CA?
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Thank you for your attention!
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