Cellular automata, finite automata and the Schur property for polynomials

J.-P. Allouche and G. Skordev

Although they have similar names, finite automata and cellular automata are quite different. It is nevertheless interesting to ask whether patterns generated by the time evolution of a one-dimensional cellular automaton can be also generated by two-dimensional finite automata. This question has been addressed in the case of (one-dimensional) linear cellular automata by Korec [4] and by F. von Haeseler, H.-O. Peitgen, A. Petersen and the authors [1, 2]. One useful tool is the “m-Fermat property”: a polynomial on a ring R is called m-Fermat if

P^m(X) = (P (X))^m.

In particular if R = ZZ/pZZ with p prime, every polynomial is p-Fermat and, as a consequence, ∀t ≥ 0, ∀r ∈ [0, p − 1], P^{pt+r}(X) = P^t(X^p)P^r(X). The generalization we study here consists in replacing the sequence (P^t(X))_t˘_0 which represents the time evolution of a one-dimensional linear cellular automaton by a sequence of polynomials (Q_t(X))_t˘_0 verifying what we call “the p-Schur property”: ∀t ≥ 0, ∀r ∈ [0, p − 1], Q_{pt+r} = Q_t(X^p)Q_r(X). If Q_t(X) = ∑ a_{t,n}X^n and deg Q_t ≤ t, this is equivalent to saying that: (∗) ∀t, n ≥ 0, ∀i, j ∈ [0, p − 1], a_{pt+i,pn+j} = a_{t,n}a_{i,j}. Of course the sequence of polynomials defined by Q_t(X) = (1 + X)^t satisfies the p-Schur property on the ring ZZ/pZZ, the corresponding sequence (a(t, n))_{t,n} is nothing but the sequence ( ( t n ) )_{t,n} and the property (∗) is the Lucas theorem. Analogously the sequence of polynomials Q_t(X) = B^t(X) where B is a fixed polynomial has the p-Schur property on ZZ/pZZ. We can hence generalize (one-dimensional) linear cellular automata by taking a sequence of polynomials having the p-Schur propery instead of the sequence B^t(X). Another (less evident) example of a p-Schur sequence of polynomials is given by the Legendre polynomials: the Legendre polynomials have the p-Schur property for any odd prime p, this has been proved by Schur (according to [3, 6]). We also note that sequences (a(t, n))_{t,n} having the property (∗) have been studied by McIntosh [5].

We have obtained results on the Legendre, Hermite and Tshebishev polynomials using inter alia results of Carlitz. For example, for the Legendre polynomials, using the p-Schur property and the relation (see [7] for example) ∑ t˘0 P_t(X)Y^t = (1 − 2XY + Y^2)�^{12}

we can prove the following. Define the sequence (a(t, n))_{t,n} by P_t(X) = ∑ a_{t,n}X^n where P_t is the t-th Legendre polynomial. Then the sequence (a(t, n))_{t,n} mod d is p-automatic for d = p^s where p is an odd prime and not k-automatic if d has two different odd prime divisors.

References

[1] J.-P. Allouche, F. v. Haeseler, H.-O. Peitgen, G. Skordev, Linear cellular automata, finite automata and Pascal’s triangle, Discrete Appl. Math. (to appear).

[2] J.-P. Allouche, F. v. Haeseler, H.-O. Peitgen, A. Petersen, G. Skordev, Automaticity of double sequences generated by one-dimensional linear cellular automata, Inst. Dyn. Syst., Univ. Bremen, Rep. 346 (1995).

[3] L. Carlitz, Congruence properties of polynomials of Hermite, Laguerre and Legendre, Math. Zeitschr., 59 (1954), 474–483.

[4] I. Korec, Pascal triangles modulo n and modular trellises, Computers and Artificial Intelligence 9 (1990), 105–113.

[5] R. J. McIntosh, A generalization of a congruential property of Lucas, Amer. Math. Monthly, 99 (1992), 231–238.

[6] J. Wahab, New cases of irreducibility for Legendre polynomials, Duke Math. J., 19 (1952), 165–176.

[7] E. T. Whittaker, G. N. Watson, A course of modern analysis, Cambridge Univ. Press, 1965, p. 302.

Jean-Paul Allouche CNRS, LRI, Bâtiment 490 F-91405 Orsay Cedex France allouche@lri.lri.fr

Gencho Skordev Center for Complex Systems and Visualization University of Bremen D-28334 Bremen Germany skordev@mathematik.uni-bremen.de