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Contribution of  WorkContribution of  Work

• Study on convergence of elementary cellular automata 
(ECA) towards fixed-point attractors under fully 
asynchronous update.

◦ Experimental study on rate of growth of convergence time 
with respect to the size of automaton under fully 
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with respect to the size of automaton under fully 
asynchronous update.

◦ Six classes of convergence time are identified and that are:

O(1),  O(log(log n)), O(log n), O(n1/2),  O(n2),  O(2n)

3

Automata
2013



IntroductionIntroduction

• A CA consists of a number of cells organized in the form of 
a lattice and can be viewed as FSM.

• Each cell stores a discrete variable at time t, called present 
state of cell.

• Next state can be obtained by present state of cell and its 
neighbors (left & right).
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CA PreliminariesCA Preliminaries

• In periodic boundary CA the left most & right-most cells are

neighbors of each other.

periodic boundary CA
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Introduction (Introduction (contdcontd…)…)

• Next state of a cell at time t+1 can be obtained by: 

Where,

f      :   next state function
St

i-1 :    present state of left neighbor of  cell at time t
St

i      :    present state of cell (self) at time t
St

i+1 :    present state of right neighbor of cell at time t

• The collection of states of cells at time ‘t’ is the present state of CA
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• The collection of states of cells at time ‘t’ is the present state of CA

• Cell with neighbors ( left and right) form 23=8 patterns.
so,  there are 28=256 possible rules in 3- neighbor CA.

• The decimal equivalent of 8 out puts is called rules of CA

• Each column of the first row of table is called   RMT ( rule min term)
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Introduction(Introduction(contdcontd…)…)

• Asynchronous Cellular Automata (ACA)

• Cells are independent

• Any no. of cells updated randomly at single time step

• No central clock (Independent clock)

• Decentralized structure
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• Decentralized structure

• For our work we consider the fully asynchronous  CA               
(i.e.   Single cell updated randomly)
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• Active & Passive RMTActive & Passive RMT

• A RMT of a rule is called active RMT,  if an ACA cell flips its 
state ( 0 to 1 or 1 to 0) when acting on this particular RMT, 

Otherwise,  that particular RMT is called Passive RMT.

Example:     

Introduction (Introduction (contdcontd…)…)
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RMT 4 (100) of rule 60 is active where as RMT 1(001) is passive

Rule 60

111
(7)

110
(6)

101
(5)

100
(4)

011
(3)

010
(2)

001
(1)

000
(0)

0 0 1 1 1 1 0 0
Automata
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••Attractor:Attractor:
If the state transition diagram of an ACA creates a loop,  then
the set of states which form that loop is called attractor

Fixed point attractor (single length):Fixed point attractor (single length):

• It is an ACA state,  next state of which is the state itself for any update of cells
• In a fixed-point, all RMTs are passive
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Introduction (Introduction (contdcontd…)…)
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Partial state transition diagram for 4-cell of rule 219

Fixed-point attractor
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Theorem:

Rule ‘R’ ACA  converges to fixed-point attractor if one of the 
following condition is verified.

Characterization of ACACharacterization of ACA

• Convergence of ACA towards fixed-point attractorBESUS, INDIA
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(i)  RMT 0 (resp. RMT 7) of R is passive and RMT 2 (resp. RMT 5) is active. 
(ii) RMTs 0, 1, 2 and 4 (resp. RMTs 3, 5 ,6 and 7) are passive and RMT 3  
or 6 (resp. RMT 1 or 4) is active.
(iii) RMTs 1, 2, 4 and 5 (resp. RMTs 2, 3, 5 and 6) are passive.

146 ACA  (out of 256) are identified, that Converges  to146 ACA  (out of 256) are identified, that Converges  to
fixedfixed--point attractor during their dynamic evolution.point attractor during their dynamic evolution.
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Characterization of ACA (Characterization of ACA (ContdContd…)…)

BESUS, INDIA

Rules of  ACA that always converge to fixed-point attractor

From the theorem
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Estimating average convergence timeEstimating average convergence time

• For finding the average convergence time of an n-cell                      
ACA, the convergence time for all possible states are 
considered.

• Average convergence time for an n-cell ACA is

Where, 
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Where, 
Xi is the convergence time for ith initial state.
2n is the total no. of states for an n-cell ACA.

• But it is difficult to calculate the average convergence time   
for large size CA considering all possible states.



• Hence, m states (out of 2n states) are chosen randomly.
So, estimated average convergence time is

• To get better estimation,  another ‘m’ samples are chosen
randomly  and calculate the average convergence time,
considering total 2m states.
Hence,  
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Hence,  

Similarly, we can calculate,

Where, 
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• We declare     is the estimated average convergence      
time, if 

Where,     is  a very small threshold value
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Method to find the rate of growthMethod to find the rate of growth

• To find the rate of growth of convergence time we have
followed the hybrid iterative refinement method of empirical
curve bounding technique.

• Assuming the execution time (t) follows the power rule
t ≈ kna

• The co-efficient ‘a’ can be found  by taking empirical
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• The co-efficient ‘a’ can be found  by taking empirical
measurement of run time {t1, t2} at some input size {n1, n2} .
So,

• We have experimented all 146 ACA  several times varying the
CA size.



• A series of coefficient ‘a’ can be found considering two
consecutive average convergence time.

• From these several values of ‘a’ we find the rate of
growth of convergence time by applying the hybrid
iterative refinement method of empirical curve bounding
technique.

• From the experimentation, we observed that, after a
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• From the experimentation, we observed that, after a
certain CA size the growth rate of convergence time
always lies under some upper bound.

• we represent the rate of growth of convergence
time of ACA in big-oh notation.
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Experimental ResultsExperimental Results

• Six classes of convergence time are identified.
these are O(1), O(log(log n)), O(log n), O(n½), O (n2) ,
O( 2n)
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BESUS, INDIA
• Graphs are also plotted for rate of growth with respect to CA 

size for each class of convergence time 
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(c)  Rate of growth of convergence time  of O(n1/2) (d)  Rate of growth of convergence time of O(n2)
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(e)  Rate of growth of convergence time of O(2n)



• Characterization of ACA for the convergence toward fixed point 
attractor.

• Study of convergence time of ACA and six classes of convergence time

are identified.

Conclusion & Future WorkConclusion & Future Work
BESUS, INDIA
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� Future Work:

• Study of convergence time of ACA considering different update 
patterns.

• Study of convergence time of ACA with multiple cell updates.Automata
2013
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Questions ?Questions ?

May mail to:   sethi.biswanath@gmail.com
svkr89@gmail.com
sukanta@it.becs.ac.in
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