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Introdu
tionGenerally, information dynami
s is 
on
erned with CA whosestates are in a �nite (
ommutative) ring. However, we will
on
entrate on polynomial rings in X over a �nite �eld.Let R be a �nite ring (the states) and RZ be the set of allmaps from Z to R (the 
on�gurations).A one-dimensional three-neighbor 
ellular automaton (CA)F : RZ ! RZ with values (states) in R is given by a mapf : R3 ! R (the lo
al rule) su
h that for a 
on�guration
 2 RZ one de�nes a new 
on�guration F(
) by settingF(
)(j) = f(
(j � 1); 
(j); 
(j +1))for all j 2 Z. Iterating this global map F leads to a sequen
eof 
on�gurations 
t = F t(
); t � 0. 1



Information dynami
sConsider the initial 
on�guration 
0 de�ned as


0(j) = 8><>: aj if j < 0X if j = 0bj if j > 0;where aj and bj are 
onstants in R and X is 
onsideredas a variable (information variable). Then for t � 1 andj 2 Z the value F t(
)(j) either depends on X or not. E.g.,for values of j far to the left and right F t(
)(j) does notdepend on X.The study of information dynami
s is 
on
erned with thesets M t = fF t(
)(j) j j 2 Zg � RR for t � 0. E.g. it ignoresthe pla
es (
ells) where the information variable appears.2



Problem IThe �rst problem 
onsidered by [N&S℄ is to ask if M t 
on-tains 
omplete information about X or not, and if not, howmu
h information it 
ontains.A 
on�guration 
t is said to 
ontain the information of X
ompletely and 
alled a 
omplete 
on�guration, if X 
anbe obtained by �nite sums and �nite produ
ts of maps andtogether with multipli
ation with 
onstants (elements ofR). This situation 
an be restated in terms of ring gener-ation. That is, let P(t) = hM tidenote the smallest subring of RR whi
h is also an R-module and 
ontains M t.Then 
t is 
omplete if and only if P(t) = RR. 3



Problem IIIt was shown [N&S℄ that jhM tij � jhM t+1ij; t � 0:Note that it does not imply hM ti � hM t+1i; t � 0.Another problem is the des
ription of the latti
e stru
tureof hM ti: [vH℄ showed that the latti
e is anti-isomorphi
 toa 
ertain partition latti
e.Now the resear
h interest goes to elu
idating the dynami
alproperties of P(t) = hM ti; t � 1. But unfortunately it seemsvery diÆ
ult to generally solve the problem for arbitraryCA.In this talk we will 
on�ne ourselves to linear CA by use offormal Laurent series and polynomials. 4



Linear CA with states in RWe assume that R is a 
ommutative ring. An R-linears
ope k CA has a lo
al rule f : Rk ! R of the formf(�1; : : : ; �k) = kXj=1 rj�jwith rj 2 R for j = 1; : : : ; k.A 
on�guration 
 2 RZ 
an be written as a formal Laurentseries 
(Y ) = Pj2Z 
(j)Y j and a linear lo
al rule f 
an bewritten as a polynomial P(Y )with 
oeÆ
ients in R. ThenF(
) is the Laurent series obtained by the multipli
ation of
(Y ) with P(Y ), i.e.F (
)(Y ) = P(Y )
(Y ) and F t(
)(Y ) = P(Y )t
(Y )5



Residue 
lass ringWith F we denote the �nite �eld GF(q) with q = ps ele-ments where p is a prime and s is a positive integer.The set of all maps from F to F is denoted as F [X℄ whi
h
an be thought of as residue 
lass ring F [X℄=(Xq �X). Inother words, there is a one to one relation of maps from Fto F and the polynomials of degree less than q with 
oef-�
ients in F .The set F [X℄ be
omes a ring with point wise addition andmultipli
ation, i.e.(f + g)(�) = f(�) + g(�)(fg)(�) = f(�)g(�)for f , g 2 F [X℄ and � 2 F . 6



Linear CA with states in F [X℄Let R be the 
ommutative ring F [X℄. A linear 
ellularautomaton has a lo
al rule given by a polynomial P(Y ) inF [X℄[Y ℄, i.e.,P(Y ) = Pk�1i=0 giY i; where gi 2 F [X℄; i = 0; : : : ; k � 1.Here we are 
onsidering a spe
ial initial 
ondition
(j) = ( 0 if j 6= 01 if j = 0Note that 0 and 1 denote the 
onstant maps 0 and 1, respe
tively.In this setting, the set P(t) is generated by the non-zero
oeÆ
ients of the polynomial P(Y )t. Note that the 
oef-�
ients of P(Y )t form a subset of F [X℄, and therefore theold result is used to des
ribe P(t). 7



A �rst resultThe �rst result is based on�q = � and p� = 0 for all � 2 Fand P(Y )qt = (k�1Xi=0 giY i)qt = (k�1Xi=0 gqiY iq)tfor all P(Y ) 2 F [X℄[Y ℄. This leads toLemma (Lemma 4). P(t) = P(qt)
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An old result on hMiLet R be a �nite �eld F and let M � F [X℄ Then the de-s
ription of hMi is related to the support of Msupp(M) = f� 2 F j there is g 2M with g(�) 6= 0gand separability properties of M . If �, � 2 F , thenM separates �; �; if there is g 2M with g(�) 6= g(�)If � and � are not separable by M , then they are M-equivalent.Theorem. Let M1, M2 be subsets of F [X℄. Then hM1i =hM2i if and only if supp(M1) = supp(M2) and the M1-equivalen
e 
lasses and M2-equivalen
e 
lasses 
oin
ide.9



On supp(P(t))For � 2 F we denote the ring homomorphism (evaluationmap) �� : F [X℄[Y ℄! F [Y ℄ de�ned as�� 0�k�1Xi=0 giY i1A = k�1Xi=0 gi(�)Y iTheorem (Lemma 5).supp(P(t)) = supp(P(1)) for all t � 1:Proof: The result follows from��(P(Y )t) = ��(P(Y ))tand the fa
t that � 2 supp(Mt) if and only if��(P(Y )t) 6= 0: 10



Divisibility Properties ITheorem (Theorem 1).P(t) = P(1) for all t with g
d(t; q � 1) = 1:

Proof: Apply the old result. By Lemma 5, P(t) and P(1)have equal support. It remains to show that the equiva-len
e 
lasses are the same. Note that � and � are separatedby P(Y )t if and only if��(P(Y )t) 6= ��(P(Y )t):If �, � are P(Y )-equivalent, then ��(P(Y )) = ��(P(Y ))and therefore ��(P(Y ))t = ��(P(Y ))t, i.e., they are P(Y )tequivalent. On the other hand, i.e., � and � are P(Y )t-equivalent, then the useful result implies that � and � areP(Y )-equivalent. 11



Divisibility Properties IITheorem (Theorem 3). Let � and � be P(Y )-separable andlet Æ be a divisor of q � 1. � and � are P(Y )Æ-equivalent ifand only if there exists a � su
h that �Æ = 1 and ��(P(Y )) =� ��(P(Y )).Proof: The proof relies on the useful result shown in thenext slide. Using some properties of the multipli
ativegroup (F n f0g; �) one obtainsLemma (Lemma 6). Let t 2 N su
h that g
d(t; q � 1) = Æ.Then � and � are P(Y )t-equivalent if and only if they areP(Y )Æ-equivalent. 12



A Useful ResultTheorem (Lemma 9, Theorem 5). Let P(Y ), Q(Y ) benon-zero polynomials with 
oeÆ
ients in F [X℄ and let n 2 Ngreater than 1. Then one has:P(Y )n = Q(Y )n if and only if thereexists � 2 F su
h that P(Y ) = �Q(Y ):

Consequen
es:
� �n = 1.

� If g
d(n; q � 1) = 1, then � = 1 13



General ResultsTheorem (Lemma 7).The number D(q) of di�erent P(t)is bounded by the number of divisors of q � 1.Thus we have the following upper boundsq 2 3 4 5 7 8 9 11 13 16 17 19 23 25 27D(q) 1 2 2 3 4 2 4 4 6 4 5 6 4 8 4

Lemma (Lemma 8). If P(Y ) and Q(Y ) have the same non-zero 
oeÆ
ients in F [X℄, then P(t) = Q(t) for all t 2 N .This follows from the above 
onsiderations. At no pla
ethe order of the 
oeÆ
ients is important. 14



Finally: Example (number 7)Let F = Z7 = f0;1; : : : ;6g with addition and multipli
ationmodulo 7. Let P(Y ) = g0+ g1Y + g2Y 2+ g3Y 3, where themaps gj : F ! F are given asF 0 1 2 3 4 5 6g0 1 2 6 5 4 1 2g1 2 4 5 6 2 4 5g2 3 6 4 0 0 0 1g3 4 1 3 2 3 6 0The 
olumns 
orrespond to the evaluation of polynomials��(P(Y )).
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Sin
e supp(P(1)) = F , we have supp(P(t)) = F for all t.Now one has �1(P(Y )) = 2�0(P(Y ))�2(P(Y )) = 6�0(P(Y ))�4(P(Y )) = 5�3(P(Y ))�5(P(Y )) = 3�3(P(Y ))�5(P(Y )) = 2�4(P(Y ))We thus obtainfa
tor order partition1 1 f0g [ f1g [ f2g [ f3g [ f4g [ f5g [ f6g6 2 f0;2g [ f1g [ f3g [ f4g [ f5g [ f6g2;4 3 f0;1g [ f4;5g [ f2g [ f3g [ f6g3;5 6 f0;1;2g [ f3;4;5g [ f6gP(t) = P(g
d(t;6)) for any t 16



Latti
e Stru
tureComparing the latti
es of the divisors of q � 1 and of thesubrings one obtains the following pi
ture

63 1 2
P(1)P(3) P(6) P(2)

This �gure suggests that the latti
es are isomorphi
.17



Future Work1: Study the relation of the divisor latti
e and the latti
eof subve
torspa
e-rings generated by a polynomial P(Y ) 2F [X℄[Y ℄.2: Consider lo
al rules whi
h are "less linear", e.g.,f(g1; g2; g3) = �1(g1) + �2(g2) + �3(g3);where �i : F [X℄! F [X℄ are F-linear maps.

3: Analyse the information dynami
s by taking the initial
ondition 
 = (: : : ; u;x; v; : : :), where x is a variable withvalues in F [X℄. 18
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Thank you for your attention! 19


